We examine relations among the parameters characterizing the phenomenological equation of state (EOS) of nearly symmetric, uniform nuclear matter near the saturation density by comparing macroscopic calculations of radii and masses of stable nuclei with the experimental data. The EOS parameters of interest here are the symmetry energy S 0 , the symmetry energy density-derivative coefficient L and the incompressibility K 0 at the normal nuclear density. We find a constraint on the relation between K 0 and L from the empirically allowed values of the slope of the saturation line (the line joining the saturation points of nuclear matter at finite neutron excess), together with a strong correlation between S 0 and L. In the light of the uncertainties in the values of K 0 and L, we macroscopically calculate radii of unstable nuclei as expected to be produced in future facilities. We find that the matter radii depend strongly on L while being almost independent of K 0 , a feature that will help to determine the L value via systematic measurements of nuclear size.
Introduction
Saturation of density and binding energy, one of the fundamental properties of atomic nuclei, underlies a liquid-drop approach described by a Weizsäcker-Bethe mass formula [1] − E B = E vol + E sym + E surf + E Coul ,
where E B is the nuclear binding energy, E vol is the volume energy, E sym is the symmetry energy, E surf is the surface energy, and E Coul is the Coulomb energy.
The sum E vol + E sym corresponds to the saturation energy of uniform nuclear matter. Since matter in nuclei is a strongly interacting system, it remains a challenging theoretical problem to understand the nuclear matter equation of state (EOS) through microscopic calculations that utilize a model of the nuclear force duly incorporating low-energy two-nucleon scattering data and properties of light nuclei [2] . Furthermore, it is not straightforward to empirically clarify the EOS, although constraints on the EOS from nuclear masses and radii (e.g., Refs. [3] [4] [5] ), observables in heavy-ion collision experiments performed at intermediate and relativistic energies (e.g., Refs. [6] [7] [8] [9] ), the isoscalar giant monopole resonance in nuclei (e.g., Ref. [10] ) and even X-ray observations of isolated neutron stars [11] are available. In this work we will consider such constraints from nuclear masses and radii.
The EOS of bulk nuclear matter is a function of nucleon density n and proton fraction x, which are related to the neutron and proton number densities n n and n p as n n = n(1 −x) and n p = nx. We may generally express the energy per nucleon near the saturation point of symmetric nuclear matter as [12] 
Here w 0 , n 0 and K 0 are the saturation energy, the saturation density and the incompressibility of symmetric nuclear matter, S 0 is the symmetry energy S(n) at n = n 0 , L = 3n 0 (dS/dn) n=n 0 is the density symmetry coefficient, and α = 1 − 2x is the neutron excess. As the neutron excess increases from zero, the saturation point moves in the density versus energy plane. This movement is determined mainly by the parameters L and S 0 associated with the densitydependent symmetry energy S(n) [3] . Up to second order in α, the saturation energy w s and density n s are given by
and
The slope, y, of the saturation line near α = 0 (x = 1/2) is thus expressed as
Derivation of L and S 0 from nuclear observables is generally obscured by the interfacial and electrostatic properties. Among the observables, the masses and root-mean-square radii of nuclei, which are controlled mainly by the bulk properties, are expected to be good tracers of L and S 0 . This expectation was stressed by an earlier investigation [3] based on two macroscopic nuclear models. Such macroscopic models are reliable in a range of neutron excess, α 0.3, and mass number, A 50. In this range the neutron separation energy that can be evaluated from a Weizsäcker-Bethe mass formula is greater than 2 MeV, allowing us to preclude the possibility of neutron halo formation expected at large neutron excess (or small separation energy). In constraining the EOS from masses and radii of nuclei of neutron excess α 0.3 and mass number A 50 within the framework of the macroscopic models, systematic study allowing for uncertainties in the EOS parameters is indispensable.
In this paper we thus explore a systematic way of extracting L and S 0 from empirical masses and radii of nuclei, together with the parameters, n 0 , w 0 and K 0 , characterizing the saturation of symmetric nuclear matter. We first set an expression for the energy of uniform nuclear matter, which reduces to the phenomenological form (2) in the limits of n → n 0 and α → 0 (x → 1/2). Using this energy expression within a simplified version of the extended ThomasFermi approximation, which permits us to determine the macroscopic features of the nuclear ground state, we calculate charges, charge radii and masses of β-stable nuclei. Comparing these calculations with empirical values allows us to derive the optimal parameter set for various values of the slope y and the incompressibility K 0 . We thus find a strong correlation between L and S 0 . The next step is to calculate root-mean-square charge and matter radii of more neutron-rich nuclei that are expected to be produced in future radioactive ion beam facilities. The results suggest that the density symmetry coefficient L may be constrained from possible systematic data on the matter radii in a way nearly independent of the poorly known K 0 , while the slope y being deducible as a function of K 0 . We finally discuss an empirically allowed region in the space of the parameters characterizing the EOS (2).
In Section 2 we construct a macroscopic model of nuclei. Optimization associated with fitting to empirical data for nuclei on the smoothed β-stability line is illustrated in Section 3. In Section 4 we calculate matter and charge radii of unstable nuclei. Our conclusions are presented in Section 5. Numerical tables are given in the Appendix.
Macroscopic description of nuclei
In constructing a macroscopic nuclear model, we begin with the expression for the bulk energy per nucleon [13] ,
where
are the potential energy densities for symmetric nuclear matter and pure neutron matter, and m n is the neutron mass. (Replacement of the proton mass m p by m n in the proton kinetic energy makes only a negligible difference.) For the later purpose of roughly describing the nucleon distribution in a nucleus, we incorporate into the potential energy densities (7) and (8) a low density behaviour ∝ n 2 as expected from a contact two-nucleon interaction. Note, however, that we will focus on the EOS of nearly symmetric nuclear matter near the saturation density. We will thus determine the parameters included in Eqs. (7) and (8) in such a way that they reproduce data on radii and masses of stable nuclei.
In the limit of n → n 0 and α → 0 (x → 1/2), expression (6) reduces to the usual form (2) according to
Equation (13) comes from the fact that the density derivative of the energy per nucleon at n = n 0 and α = 0 (x = 1/2) vanishes due to the saturation. Note that the five relations (9)- (13) are not sufficient to determine the six parameters a 1 , . . . , b 3 , and that the parameter b 3 , which controls the EOS of matter at large neutron excess and high density, has little effect on the saturation properties of nearly symmetric nuclear matter. We will thus set b 3 as a typical value 1.58632 fm 3 , which was obtained by one of the authors [13] , and determine the other parameters from the empirical radii and masses of stable nuclei.
We now proceed to describe a spherical nucleus of proton number Z and mass number A within the framework of a simplified version of the extended Thomas-Fermi theory [13] . We first write the total energy of a nucleus as a function of the density distributions n n (r) and n p (r) according to
is the bulk energy,
is the gradient energy with an adjustable constant F 0 ,
is the Coulomb energy, and N = A − Z is the neutron number. Here we ignore shell and pairing effects. We also neglect the contribution to E g from the gradient of the proton fraction x [see Eq. (16)]; this contribution makes only a little difference even in the description of extremely neutron-rich nuclei, as clarified in the context of neutron star matter [13] .
The energy (14) , once optimized, can be mapped onto a Weizsäcker-Bethe mass formula of the form (1) via
where E b −E vol denotes the inhomogeneity contribution to the bulk energy E b , and E C −E Coul (E Coul = 3Z 2 e 2 /5R with the liquid-drop radius R) denotes that to the Coulomb energy E C . These inhomogeneity contributions arise from the fact that matter in a nucleus is compressible. We remark that in equilibrium with respect to nuclear size, E g = E C holds [13] . Combining this relation with the well-known equilibrium condition for the liquid-drop size, E surf = 2E Coul , and with E Coul ≃ E C , we find a simple relation, E g ≃ E surf /2, for an equilibrium nuclide.
For the present purpose of examining the macroscopic properties of nuclei such as masses and radii, it is sufficient to characterize the neutron and proton distributions for each nucleus by the central densities, radii and surface diffuseness different between neutrons and protons, as in Ref. [13] . We thus assume the nucleon distributions n i (r) (i = n, p), where r is the distance from the center of the nucleus, as
Here R i roughly represents the nucleon radius, t i the relative surface diffuseness, and n in i the central number density. The proton distribution of the form (19) can fairly well reproduce the experimental data for stable nuclei such as 90 Zr and 208 Pb, as we shall see in the next section.
Optimization
For fixed mass number A, we then optimize the energy (14) with respect to the parameters R i , t i and n in i . (In a general Thomas-Fermi approach, such optimization is carried out without assuming a particular form of the distributions.) The resultant optimal values of charge number, nuclear mass and root-mean-square charge radius where
with a p = 0.65 fm is the charge distribution folded with the proton form factor [14] , are functions of a 1 -b 3 and F 0 . These optimal values are in turn compared with the empirical values for nuclei on the smoothed β-stability line ranging 25 ≤ A ≤ 245 (see Table A .1 in Ref. [13] , which is based on Refs. [15, 16] ). For fixed slope y and incompressibility K 0 , such a comparison can be made by a usual least squares fitting, which gives rise to an optimal set of the parameters a 1 -b 3 and F 0 . Here, we set y and K 0 as −1800 MeV fm 3 ≤ y ≤ −200 MeV fm MeV fm 3 ), the optimal set is unavailable for large K 0 ; when the slope is very steep, the optimal parameters converge on the values close to those obtained for y = −1800 MeV fm 3 . Nuclear masses that can be calculated from the optimal parameter sets agree well with the experimental data of 1962 nuclides (A ≥ 2) [17] ; for all the combinations of y and K 0 , the root-mean-square deviations of the masses are ∼ 3-5 MeV, which are roughly as large as those obtained from a Weizsäcker-Bethe type formula. We likewise evaluated the root-mean-square charge radii of various stable nuclei; the root-mean-square deviations from the experimental data of 92 nuclides (A ≥ 50) [16] are about 0.06 fm.
The optimal results for S 0 , L, n 0 and w 0 are plotted in Fig. 1. From Fig.  1a , we obtain a relation nearly independent of K 0 :
where B ≈ 28 MeV and C ≈ 0.075. We find from Figs. 1b and 1d that the saturation energy and density of symmetric nuclear matter always take on a value of −16.0±0.5 MeV and 0.155±0.015 fm −3 . Several data in Fig. 1d having n 0 smaller than the standard values correspond to the case of y = −200 MeV fm 3 , where the fitting is no longer effective. In Fig. 1c , we see a band on which the optimal values of L and K 0 are scattered; in this band L increases with increasing y for fixed K 0 . For comparison we also plot the predictions from various Skyrme-Hartree-Fock schemes (references in Ref. [4] ; Refs. [18] [19] [20] ) and a relativistic mean field model (TM1 in Ref. [21] ); the values for n 0 , w 0 , K 0 , S 0 , L and y are tabulated in Table 1 . These predictions are distributed over the band, among which only two (TM1 and SIII) were considered in the previous analysis [3] . We remark in passing that the optimal values of F 0 are confined to 66 ± 6 MeV fm 5 , consistent with the result of Ref. [13] .
In Fig. 2 we display the EOS (6) for various sets of y and K 0 . Whereas y affects the slope of the saturation line, K 0 controls n 0 as well as the curvature of the line of constant α. The neutron and proton distributions in 208 Pb and 90 Zr modelled via Eq. (19) are plotted in Fig. 3 . The question we consider in the next section is how such differences in the saturation properties as shown in Fig. 2 affect matter and charge radii of unstable nuclei that can be evaluated from the distributions of the form illustrated in Fig. 3 .
Matter and charge radii
For neutron-rich nuclides we now obtain the root-mean-square charge radii R c and matter radii R m , defined as
is the matter distribution folded with the proton charge form factor equally for neutrons and protons. We evaluated the radii R c and R m of Ni and Sn isotopes for combinations of y = −220, −350, −1800 MeV fm 3 and K 0 = 180, 230, 360 MeV. The results are shown at neutron excess of up to α ∼ 0.4 in Fig. 4 . We find from the upper panels of Fig. 4 (see also the upper panels of Fig. 5 for further clarity) that at α ∼ 0.3 (x ∼ 0.35) a difference of order 0.05-0.1 fm occurs in the matter radii due to variation in the slope y. This is because as the slope becomes gentler, the saturation density difference n 0 − n s becomes larger [see Eq. (4)]. We also find that the charge radii depend only weakly on y, a feature consistent with the prediction made in Ref. [3] . We can thus expect that forthcoming empirical data on matter radii of unstable neutronrich nuclei with accuracy down to order ±0.01 fm will at least answer the question of whether the slope y is steep or gentle.
Several remarks, however, are needed here. First, it is to be noted that the experimental matter radii that can be derived from measurements of interaction cross sections [22] and elastic scattering of protons and alpha particles [23] depend strongly on treatment of the optical potential, in contrast to the charge radii that can be determined from elastic electron scattering [16, 24] , muonic X-ray experiments [16, 24] and isotope-shift measurements [25, 24] . This dependence contributes to intrinsic uncertainties in the derived matter radii, which are typically of order or greater than ±0.05 fm [23, 26] . Second, we recall that the present calculations of the radii R m and R c ignore the tails of the nucleon distributions arising from quantum-mechanical effects; the absence Experimental data on the root-mean-square charge radii (dots) and matter radii (crosses) are taken from Refs. [16] and [23] , respectively. of such tails tends to reduce the radii. Third, there are uncertainties in the calculated radii due to the absence of shell and pairing effects in the present macroscopic models. These models, which are fitted to the charge radii of nuclei on the smoothed β stability line, provide the proton-closed-shell nuclei, Ni and Sn, with larger charge radii than the empirical values, as shown in Fig. 4 . Fourth, we can see from the lower panels of Fig. 4 that with K 0 increased and y fixed, the matter radii R m increase, a feature that prevents a clear derivation of y from R m .
Such K 0 dependence of the matter radii R m is due mainly to the K 0 dependence of the saturation density, n s , given by Eq. (4). For fixed y, the K 0 dependence of n s is dominated by n 0 , which increases with decreasing K 0 as in Fig. 1d . Generally, this increase in n 0 tends to increase the inner nucleon densities (see the lower panels of Fig. 3 ) and hence reduce the radii R m . Note, (26) and (27) .
however, that there is an opposite effect of K 0 on R m . This effect comes from the fact that a significant part of the nucleons are present in the deepest region of the nuclear surface where r 2 n n (r) and r 2 n p (r) are peaked. In this region, the nucleon densities begin to drop in such a way that with decreasing K 0 , the surface diffuses further away. This diffuseness, which can also be seen from the lower panels of Fig. 3 , is consistent with the results from microscopic nuclear models [27] .
A cancellation between those counteracting effects is favoured for the purpose of deriving information about the saturation properties in a way independent of K 0 . It turns out that better cancellation can be achieved if we calculate, as in the lower panels of Fig. 6 , the matter radii of Ni and Sn isotopes for the EOS parameters optimized under fixed L rather than y. The charge radii likewise calculated are also nearly independent of K 0 . On the other hand, under fixed K 0 , the dependence of the matter and charge radii on L, as depicted in the upper panels of Fig. 6 , is the same as that on y. These results from Fig. 6 may open an opportunity to empirically determine the density symmetry coefficient L from the isotopic dependence of matter radii.
For the purpose of parametrizing the matter and charge radii as functions of A, α and L, it is useful to first obtain fitting formulas for the root-mean-square neutron and proton radii, defined as
To be fitted to are the radii R n and R p of Ni, Sn and Pb isotopes ranging 0 ≤ α ≤ 0.3 (0.35 ≤ x ≤ 0.5) as calculated from the present macroscopic model for the EOS parameter sets tabulated in Table A. 1. In Fig. 7 Table A. 1. The solid and dotted lines are from formulas (27) and (26), respectively.
this figure that no uncertainties in R p more than ±0.03 fm arise from the various values of K 0 and L, while the K 0 dependence of R n can be ignored as compared with the L dependence, which is stronger at larger neutron excess. These features, consistent with the dependence of R m and R c on L and K 0 as mentioned above, lead us to the formulas,
with c 1 = 0.914961 fm, c 2 = −0.102372 fm, c 3 = 0.388905 fm and α 0 = 0.879704, and (26) and (27) reproduce the original values with the root-mean-square deviations of 0.010 fm and 0.013 fm, respectively, and roughly obey a usual A 1/3 law for fixed L and α. Finally, the parametrization of the matter and charge radii can be constructed from Eqs. (26) and (27) (23) and (25) .
The lower panels of Fig. 5 depict the matter radii of Ni and Sn isotopes calculated for various combinations of L and K 0 relative to those calculated for L = 50 MeV and K 0 = 230 MeV. As can be seen from these panels, K 0 -induced uncertainties in the matter radii at constant L are limited to the order of ±0.015 fm in the neutron-rich side, small enough for the L dependence of the matter radii to be seen clearly. This may play a role in determining L from measurements of the matter radii. Note, however, that possible data on matter radii for isotopes of a specific element would be insufficient to determine the density symmetry coefficient L, as inferred from the differences between the empirical and calculated charge radii shown for Ni and Sn in Fig. 6 . In view of such differences as well as intrinsic uncertainties in the matter radii that can be deduced from proton and alpha-particle elastic scattering data, systematics of the isotopic dependence of matter radii would be required.
It is interesting to note that the difference between the neutron and proton radii increases with increasing L in a way dependent on neutron excess but almost independent of K 0 (see Fig. 7 ). This leads us to study the isotopic dependence of neutron skin thickness in order to derive the density symmetry coefficient L. The previous investigation [3] has already suggested the possibility that the EOS of asymmetric nuclear matter will be probed by future detection of neutron skin thickness in unstable neutron-enriched nuclei. However, the neutron skin structure depends strongly on the EOS of nuclear matter at large neutron excess and low density [4] , which is empirically hard to determine. Moreover, the fact [28] that the neutron skin thickness is thermodynamically relevant to the dependence of the surface tension on neutron excess complicates an extraction of the bulk properties of asymmetric nuclear matter; the connection between the surface and bulk properties remains to be clarified. We will elsewhere reinvestigate how the neutron skin thickness is phenomenologically related to the EOS of nearly symmetric nuclear matter [29] .
Conclusion
In this paper we have derived the relations between the parameters characterizing the EOS of nearly symmetric nuclear matter from experimental data on radii and masses of stable nuclei. We have found the linear relation (22) between the parameters L and S 0 associated with the symmetry energy. It is interesting to regard the band structure on the K 0 versus L plane (see Fig. 1c ) as an empirically allowed region of K 0 and L. Future systematic measurements of the root-mean-square matter radii of unstable neutron-rich nuclei may narrow the allowed region in such a way as to fix L almost independently of K 0 . Once L is determined, the slope y would be given as a function of K 0 . It is instructive to note that the incompressibility was estimated to be K 0 = 231 ± 5 MeV from the observations of the giant monopole resonances [10] . This estimate can stringently limit the allowed region, although it is model-dependent in the sense that it involves microscopic calculations of the resonance energies from a specific model of the effective nucleon-nucleon interactions [30] . Table 1 The saturation properties of nuclear matter obtained from various effective forces 
